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ABSTRACT In a pure fluid-phase lipid, the dependence of the lateral diffusion coefficient on the size of the diffusing particle may be
obtained from the Saffman-Delbrtick equation or the free-volume model. When diffusion is obstructed by immobile proteins or domains
of gel-phase lipids, the obstacles yield an additional contribution to the size dependence. Here this contribution is examined using Monte
Carlo calculations. For random point and hexagonal obstacles, the diffusion coefficient depends strongly on the size of the diffusing
particle, but for fractal obstacles—cluster—cluster aggregates and multicenter diffusion-limited aggregates—the diffusion coefficient is
independent of the size of the diffusing particle. The reason is that fractals have no characteristic length scale, so a tracer sees on
average the same obstructions, regardless of its size. The fractal geometry of the excluded area for tracers of various sizes is examined.
Percolation thresholds are evaluated for a variety of obstacles to determine how the threshold depends on tracer size and to compare the

thresholds for compact and extended obstacles.

INTRODUCTION

Lateral diffusion measurements can be used as a probe
of submicroscopic domain structure in lipid bilayers ( 1-
4). In particular, recent experiments on lateral diffusion
of fluorescent lipid probes have shown a percolation
transition during lateral phase separation in binary lipid
mixtures (1, 5-8). The concentration at which the tran-
sition occurs depends on the lipid mixture used. In one
mixture, as little as 20% gel phase (by mass) was suffi-
cient to block long-range lateral diffusion (7).

If the concentration of obstacles is below the percola-
tion threshold, then there is a continuous path for lateral
diffusion over long distances, and long-range lateral dif-
fusion, as measured in fluorescence photobleaching re-
covery experiments, is allowed. Above the threshold, all
long-range paths are blocked, the long-range diffusion
coefficient is zero, and only short-range diffusion is pos-
sible.

The lowest percolation threshold observed by Vaz et
al. (7) was 20% by mass, corresponding to an area frac-
tion of ~16% (6), much lower than the thresholds nor-
mally encountered in the percolation literature (9). One
question considered here is what obstacle geometry can
yield such a low threshold. We therefore find the percola-
tion threshold for a variety of obstacle shapes. We also
examine the percolation threshold for two random frac-
tal obstacles, cluster—cluster aggregates (CCAs) and mul-
ticenter diffusion-limited aggregates (MDLAs). Two
distinct types are used to see what properties are model
dependent.

In the CCA model (10, 11), particles are placed at
random on a lattice at a prescribed concentration and
carry out random walks, sticking irreversibly on contact.
The resulting clusters also diffuse, but at a reduced rate.
The process is continued until only one cluster remains.
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Diffusion-limited aggregation (DLA) has been stud-
ied extensively (12, 13). There is one immobile seed
particle, and one mobile particle diffuses at a time, start-
ing far from the cluster and sticking to the cluster on
contact. An extended structure is formed because the
mobile particle is more likely to stick to a growing tip
than to penetrate the fjords.

In the MDLA model (14), point particles are placed at
random on a lattice. A few particles are randomly desig-
nated as seeds and remain immobile; the rest of the parti-
cles carry out random walks. A mobile particle binds
irreversibly when it moves to a point that is adjacent to a
seed particle or a previously immobilized particle. The
process is continued until all the particles are immobi-
lized. In MDLA, unlike DLA, there is more than one
seed, and the mobile particles are present at nonzero
concentration.

In CCA, clusters diffuse and penetrate other clusters;
in DLA and MDLA, single particles diffuse and pene-
trate the growing cluster. In CCA, mobile particles stick
to each other, but in DLA and MDLA they do not.

The other question to be considered is how the diffu-
sion coefficient of a mobile tracer particle depends on
the size of the tracer. For a pure fluid-phase lipid, the
effect of the size of the diffusing particle on the lateral
diffusion coeflicient can be obtained from the free vol-
ume model (15) or the Saffman-Delbriick model (16)
as appropriate ( 17). Here we examine the additional size
dependence that results when diffusion is obstructed by
barriers of gel-phase lipid or immobile protein. We as-
sume that the observed diffusion coefficient can be writ-
ten as

D = Do(R)D*(C, R), (1)

where C'is the area fraction of obstacles, R is the radius of
the diffusing particle, Dy(R) is the diffusion coefficient
for a pure fluid-phase lipid, and the entire C dependence
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is contained in D*(C, R), which is obtained from Monte
Carlo calculations.

We use Monte Carlo calculations to show that for
nonfractal obstacles—random points and random hexa-
gons—the diffusion coefficient is strongly dependent on
tracer size. For random fractal obstacles, however, the
diffusion coefficient is independent of tracer size over a
significant range of tracer sizes. This result is new but has
a simple explanation. Fractals by definition have no
characteristic length scale (reference 18, pp. 11-15).
They are the same, at least statistically, on all length
scales. So a tracer sees on average the same obstructions,
regardless of its size, and has the same diffusion coeffi-
cient.

METHODS
CCA

The CCA calculations are carried out by standard methods (10, 11)
and are described in detail elsewhere (19). A 256 X 256 triangular
lattice is used, with periodic boundary conditions. Initially, particles
are placed on randomly chosen sites at a prescribed concentration.
Adjacent particles are assumed to form clusters, and isolated particles
form clusters of unit mass. The clusters then carry out a random walk.
Whenever two clusters become adjacent, they are merged irreversibly
into a rigid cluster, with probability one. They move as a unit thereaf-
ter, with a translational diffusion coefhicient inversely proportional to
mass. The random walk continues until only one cluster remains. As
long as smaller clusters move faster than larger clusters, the exact de-
pendence of the diffusion coefficient on mass has little effect on the
final structure of the aggregate (20).

MDLA

The MDLA calculations are carried out by standard methods (14).
Again, a 256 X 256 triangular lattice is used, with periodic boundary
conditions. Prescribed concentrations of mobile and immobile parti-
cles are placed at random on the lattice. Typically, the concentration of
immobile (**seed™) particles is 1/1024, and the total concentration of
particles ranges between 0.025 and 0.200. The mobile particles carry
out random walks. When a mobile particle becomes adjacent to a seed
particle or an immobilized particle, it sticks irreversibly and becomes
immobilized. The process continues until all the particles are immobi-
lized.

Diffusion

Diffusion calculations are carried out as described earlier (19, 21). In
the case of point or hexagonal obstacles, the obstacles are placed on the
lattice at random. Hexagonal obstacles are not allowed to overlap, even
at edges or vertices. In the case of CCA and MDLA, the aggregates are
generated as previously described and their position is fixed. Then, for
all the types of obstacles, a tracer is placed at a random unblocked point
on the lattice and carries out a random walk on unobstructed lattice
sites. The position of the tracer is recorded periodically. The calcula-
tion is repeated for various starting positions of the tracer within a given
configuration of obstacles and for various configurations of obstacles at
the same concentration. The mean-square displacement of the tracer is
obtained as a function of time, and the diffusion coefficient D* is calcu-
lated as described earlier (21). The diffusion coefficient is normalized
to one when no obstacles are present. Typically, 25 different configura-
tions of obstacles and 200 different tracers within each configuration of
obstacles were used. In each obstacle configuration, each tracer was
moved for 1-2 X 10° time steps. The statistical error is similar to that

found earlier (19). For hexagonal tracers of radius 1, three indepen-
dent runs at an area fraction of 0.050 yielded D* = 0.5122 + 0.0040 for
point obstacles and D* = 0.3440 + 0.0204 for CCAs. Aggregates are
less uniform than random points are, so the scatter in D* is greater.

For diffusion of a hexagonal tracer of radius (or side) Rgy, the obsta-
cles are expanded by Ry lattice constants. As discussed below, diffu-
sion of a tracer of radius Rgx in the presence of the original obstacles is
equivalent to diffusion of a point tracer in the presence of the expanded
obstacles.

Calculation of percolation thresholds

The site percolation threshold is the lowest concentration of obstacles
at which there is a spanning cluster of obstacles in the infinite lattice. A
spanning cluster is a cluster of obstacles that extends across the entire
lattice, blocking long-range diffusion of a tracer. (In the calculations
described here, the test actually used was for a spanning cluster of
unobstructed points. The two criteria are equivalent.)

To find the threshold, one calculates for lattices of different widths
the cumulative probability of the occurrence of a spanning cluster as a
function of the area fraction of obstacles and extrapolates to an infinite
lattice (22-24).

For obstacles of fixed shape, such as points or dimers, obstacles are
added at random to a lattice until a spanning cluster occurs in both X
and Y directions. The number of obstacles is recorded when a spanning
cluster first appears in the X direction and when one first appears in the
Y direction. This is repeated an appropriate number of times, the re-
sults for percolation in the X direction are pooled with those for perco-
lation in the Y direction, and a histogram of the number of obstacles
present at percolation is constructed. This histogram is then summed
to give the required cumulative distribution curve. To test whether the
obstacles form a spanning cluster, the cluster analysis algorithm of Ho-
shen and Kopelman (25) is used, without periodic boundary condi-
tions. For a lattice size L = 32, 1,600 runs were carried out; for L = 64,
400; for L = 128, 100; and for L = 256, 25. The resolution is set by the
number of obstacles added between tests for a spanning cluster and is
given as a fraction of L?. To allow for the steepening of the probability
curves as L increased, the resolution was varied. Typically, a resolution
of 1/128 was used for L = 32 and 64 and a resolution of 1 /512 for L =
128 and 256.

For aggregates, the procedure is modified because one cannot just
generate an aggregate, add a few more particles, and let the new parti-
cles diffuse and stick to the aggregate. Instead, the aggregate is gener-
ated at a given concentration and tested for the presence of a spanning
cluster. This is repeated for a series of aggregates at that concentration
and for a series of concentrations. From this, one obtains the fraction of
aggregates yielding a spanning cluster, as a function of concentration.

The cumulative probability curves are then fit to an incomplete 3
function (22, 23) by a nonlinear least-squares program (reference 26,
pp. 521-528). The form of the curve is

_ T(a+b) (*

B =1 J,

7N = b ar, (2)

where T is the gamma function and a and b are adjustable parameters
fit by the program. This curve yields the area fraction {C(L)) =a/
(a + b) at which the probability of a spanning cluster is 50% for a lattice
of size L, and this value is extrapolated to infinite lattice size.

To extrapolate the results, a scaling law is used (9, 27). The probabil-
ity of occurrence of a spanning cluster, R(C, L), is a function of L/,
where ¢ is the correlation length. The correlation length is related to the
distance from the percolation threshold C;, by

£=(C-Cp), (3)

where v is the scaling exponent for the correlation length, equal to % in
two dimensions (9). So
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L/E=L(C~ Cyy, (4)

and, neglecting higher-order corrections, the probability can be written
as

R(C, L) = FIL'"(C = Cp)], (3)

where F is an unknown function. This equation leads to two methods
of finding the percolation threshold. First, when C = Cp, R = F(0),
independent of lattice size. So the curves of R versus C intersect at a
point, independent of L, and that point is the percolation threshold.
Second, if we take R to be constant, say 0.50, then C = (C(L)), and
Eq. 5 yields

(C(L)y = Cp + kL™, (6)

where k is a constant. One can then plot {C(L)) versus L™ and
obtain the percolation threshold Cp by linear extrapolation. This is the
primary method used in this paper to evaluate the threshold. In the
extrapolation, the points for L = 32, 64, 128, and 256 are weighted
equally. The larger grids are inherently more accurate, because bound-
ary effects are smaller and the curves are much steeper, but one can get
better statistics with the smaller grids ( 1,600 grids for L = 32 versus 25
grids for L = 256). It is assumed that these two factors compensate.

Error analysis of percolation
thresholds

On the basis of the detailed examination of the values for points and
dimers given here, error limits of £0.0015 are assumed for all the thresh-
olds. We show here that for points on the triangular lattice, the Monte
Carlo results agree, to within the error bars, with the exact value (9) of
'/ and that various estimates of the threshold for dimers agree within
the error bars.

First, consider the assumption that the cumulative probability curve
can be fit by an incomplete 8 function. All that is used from the fit is
{C(L)>, the 50% point of the curve. This point was also found by
fitting the center five points to a straight line. The two estimates typi-
cally agreed to three decimal places; in the few cases of major disagree-
ment (~2% difference), the straight line was influenced by statistical
noise near the center and the incomplete 3 function better represented
the data. So the use of the incomplete 3 function is justified. The error
from assuming a particular functional form is negligible compared with
the statistical fluctuations among runs.

Second, consider the definition of a spanning cluster. One could
require spanning in one direction or in both. Cumulative probability
curves were obtained and the extrapolations to L. = oo carried out for
spanning in either direction, spanning in both directions, and the aver-
age of the two (23, 24). The extrapolated average is taken to be the
threshold, and the larger difference between the threshold and the other
two extrapolated values is taken as an error estimate (24). Application
of this method to the Monte Carlo data yields a threshold of 0.4995 +
0.0011 for points and 0.4866 + 0.0005 for dimers.

Third, consider the differences between independent runs. Three
runs were done for L = 128 to give error bars for { C(L)». The same
error bars were assumed for the other values of { C( L)), and the extrap-
olation was carried out using the extreme straight lines through the
error bars. This yielded a threshold of 0.4990 + 0.0015 for point tracers
with point obstacles and 0.1156 + 0.0014 for hexagonal tracers of unit
radius with point obstacles. For dimers, three full sets of runs for L =
32-256 were carried out, giving three values of the threshold, 0.4863 +
0.0009.

Fourth, the intersections of the curves for R(C, L) for different val-
ues of L provide another estimate of the threshold. The intersections
are evaluated by fitting incomplete 8 functions to the Monte Carlo
data. These values agree well with the other estimates, though the scat-
ter among the points of intersection is much greater. For points, the
threshold is 0.4996 + 0.0027 and for dimers, 0.4866 * 0.0043. For all
14 geometries considered, the ratio of the threshold from extrapolation

to the threshold from intersection was 0.9983 + 0.0023, and the worst
case gave a ratio of 0.9929.

The data for aggregates is noisier than the other data because there
were fewer repetitions. For CCAs, there is no threshold. For MDLAs,
an incomplete 8 function could be fit to the data despite the noise, and
the thresholds from extrapolation and from intersection agreed as well
as they did for the other types of obstacles.

Correlation function

The pair correlation function is obtained by Fourier transformation
(reference 26, pp. 449-453) and is averaged over 100 different configu-
rations. The statistical error is small; in similar curves for CCAs on the
square lattice (19), three independent runs gave curves indistinguish-
able on the scale of the figure.

RESULTS

First, we consider the lateral diffusion coefficient as a
function of the area fraction of obstacles and the tracer
size. Then, to understand the dependence on tracer size,
we consider the excluded area and, for fractal obstacles,
its fractal nature. Finally, we consider the percolation
threshold for various obstacles, including the threshold
for the excluded area. Preliminary results were presented
earlier (28, 29).

Lateral diffusion

The diffusion coefhicient is found by Monte Carlo calcu-
lations. Obstacles are placed on a lattice, an inert point
tracer is placed on a random unblocked site, and the
tracer carries out a random walk on unobstructed sites.
The mean-square displacement of the tracer is calculated
as a function of time, yielding the diffusion coefficient
D*(C), normalized to one at C = 0. Concentrations of
obstacles are expressed as area fractions C, defined as the
fraction of lattice points occupied by obstacles. The unit
of length is the lattice constant /. To translate calculated
quantities into observable quantities, / may be taken to
be the size of a lipid or the size of a protein (19).

For nonfractal obstacles, D* depends strongly on the
size of the tracer, as shown in Fig. 1, 4 and B, in which
the diffusion coeflicient is given as a function of the area
fraction of obstacles. For random point obstacles, there
is a very strong dependence on tracer size. For random
nonoverlapping hexagonal obstacles, there is a strong de-
pendence on tracer size.

For fractal obstacles, however, the diffusion coeffi-
cients are almost independent of tracer size over a signifi-
cant range of tracer sizes and obstacle concentrations, as
shown in Fig. 1 C. For CCAs, there is little dependence
on tracer size, except for a slight decrease at the highest
concentrations. For MLDAs, there is a consistent de-
crease in the diffusion coeflicient with tracer radius, but
the decrease is small.

Fig. 1 shows that for point tracers, random points are
more effective obstacles than the same area fraction of
hexagonal obstacles, as shown by Eisinger et al. (30).
CCAs are much more effective obstacles than the same
area fraction of random point obstacles (19 ). For hexago-
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FIGURE1 Normalized diffusion coefficient D* as a function of the

area fraction of obstacles for hexagonal tracers of radius 0, 1, 2, and 4.
Vertical lines in g and b indicate percolation thresholds. Diffusion oc-
curs above the threshold at a low rate as a result of finite-size effects;
diffusion calculations are for a 256 X 256 lattice, but the thresholds are
for the infinite lattice. (a) Random point obstacles. (») Random non-
overlapping hexagonal obstacles of radius 1. (¢) Cluster—cluster aggre-
gates (CCA) and multicenter diffusion-limited aggregates (MDLA).
The concentration of seed particles for the MDLAs was 1/1024.
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FIGURE2 Excluded areas resulting from a cluster of point obstacles
for (a) a hexagonal tracer of radius |1 and (b) a hexagonal tracer of
radius 2. A hexagonal tracer of unit radius diffusing in the presence of
immobile point obstacles (/eft) is equivalent to a point obstacle diffus-
ing in the presence of enlarged obstacles ( right). For hexagonal tracers
of radius 1, the nearest neighbors of the obstacle points are blocked. For
hexagonal tracers of radius 2, the next-nearest neighbors are also
blocked.

nal tracers of radius 2, random point obstacles are more
effective than either hexagonal obstacles or aggregates
because the excluded area of random points is much
greater.

Excluded area

In the random walk of a hexagonal tracer in the presence
of obstacles, no point in the tracer is allowed to overlap
any point of an obstacle. Equivalently, one can expand
the obstacles by the radius Rgx of the tracer to give the
excluded area for that tracer. The tracer can then be re-
placed by a point particle diffusing in the presence of the
expanded obstacles, as done by Kim and Torquato (31),
for example, in their treatment of three-dimensional dif-
fusion. This is a useful way to visualize the effect of tracer
radius. Fig. 2 shows the expansion process in detail; Fig.
3 shows large-scale examples for a tracer of radius 2 in
the presence of random point obstacles, a CCA, and an
MDLA.

In Fig. 3 A, for random point obstacles, the system is
well above the percolation threshold, 0.048, for tracers of
radius 2. There are few places where a tracer of radius 2
can fit, and long-range diffusion is impossible. For the
fractal obstacles (Fig. 3, B and C), long-range paths for
diffusion exist in both directions, and dead ends of all
sizes occur in both the original obstacles and the ex-
cluded area.

In general, for the fractal obstacles in Fig. 3, all the
geometric features affecting diffusion, such as fjords,
bays, lakes, and straits, occur on all length scales. A point
tracer sees fjords of all widths. A hexagonal tracer of
radius 1 sees all but the narrowest fjords, and so forth.
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Whatever its size, a tracer sees on the average the same
geometry of obstacles, and so the diffusion coefficient is
independent of the size of the tracer. This argument
breaks down when the tracer is so large that the finite size
of the lattice affects the structure of the obstacles.

The fjords and bays are one of the reasons the fractal
obstacles are so effective at blocking diffusion: they can
trap diffusing particles temporarily. In a fractal obstacle,
fjords and bays occur on all length scales, so trapping
occurs on all time scales. The implications of this for
lateral diffusion measurements are discussed by Nagle
(32). The aggregates act somewhat like a gel filtration
medium, trapping and delaying mobile species, but there
is an essential distinction. Gel filtration media, such as
Sephadex, have a characteristic length scale, though they
could be fractal on smaller scales; fractals do not. Gel
filtration media sort the mobile species by size; fractal
obstacles do not. If a gel filtration medium were fractal
over all length scales, it would be useless.

The pair correlation function

Fig. 3 suggests that the excluded area of a fractal obstacle
is still fractal. To demonstrate this, we use the pair corre-
lation function. The application of correlation functions
to protein organization in membranes was reviewed by
Abney and Scalettar (33).

The fractal dimension D is defined as follows. If A is
the mass contained in a circle of radius r, then M ~ rPr,
For an ordinary two-dimensional object, D, = 2. Lower
values correspond to tenuous, stringy structures. The
fractal dimension of a DLA is 1.70 = 0.06 (13). The
fractal dimension of a CCA is between 1.42 and 1.75,
depending on concentration (34), and the fractal di-
mension of a straight line is 1.

The pair correlation function C(r) gives the probabil-
ity that, if a particle is at r = 0, there is also a particle at a
distance r in any cluster (19). The correlation function
shows that the aggregates have a fractal structure at short
distances and a uniform structure at long distances:

1 (r=0)
C(r)y~q r™P (r < Reor) (7
CO (r> RCOR),

where d = 2 is the Euclidean dimension of the space in
which aggregation occurs, Dy is the fractal dimension of
the aggregate, and Ry is the correlation length (20).
In Fig. 4, pair correlation functions are shown for ran-
dom points, CCAs, MDLAs, and the excluded areas gen-
erated from them. For random points at an area fraction

FIGURE 3 Excluded areas for a hexagonal tracer of radius 2 in the
presence of an area fraction C = 0.15 of obstacles: (a) random point
obstacles; (b) a cluster—cluster aggregate; (¢) a multicenter diffusion-
limited aggregate with a concentration of seed particles of 1/1024. The
obstacles are shown in black; the excluded area is shown in gray; and in
¢ the seed particles are shown as large dots. A 128 X 128 triangular
lattice is used.
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FIGURE4 Pair correlation functions for the indicated obstacles
(Rgx = 0) and the excluded areas generated from them (Rgx = 1, 2).
Dotted horizontal lines represent the average concentration. The noise
in the correlation functions results from the lattice structure and statis-
tical fluctuations; the abrupt reduction in noise occurs where averages
over r are plotted instead of values for individual values of r. (a) Ran-
dom points at an area fraction of 0.075. (b) Cluster—cluster aggregates
at an area fraction of 0.075. The dashed line represents a least-squares
fit to the initial part of the curve and yields a fractal dimension D, =
1.52. (¢) Multicenter diffusion-limited aggregates at an area fraction of
0.075. The vertical bar indicates the average distance between seed
particies for the seed concentration used (1/1024).

Cy, C(r)istrivial: C(0) = 1 and C(r) = C,for r > 0, as
shown in the lower curve of Fig. 4 A. The slope of zero
corresponds to a fractal dimension of 2. The upper
curves show the pair correlation function for the ex-
cluded area generated from random points. For large r,
the distribution is uniform, and for small r, there is a
peak, because in the excluded area all the points of the
original obstacles are surrounded by obstructed points.

The pair correlation functions show the fractal struc-
ture of CCAs (19). In the lower curve in Fig. 4 B, there is
a crossover from a straight line of slope —(d — Dy) for
small r to a horizontal line at large r. The aggregate is
fractal over a significant length. The fractal dimension
changes from 1.42 for C; = 0.025 to 1.64 for C, = 0.200.
With the appropriate vertical displacements, the pair
correlation functions for the excluded areas are superim-
posable on the curve for the original aggregate, except for
flattening at small r. Again, the flattening occurs because
all points of the original cluster are surrounded by ob-
structed points in the excluded area. The identity of the
curves over much of the range of r shows that over those
distances, the fractal geometry of the aggregate is the
same as the fractal geometry of the excluded areas gener-
ated from it.

Unlike CCAs, MDLAs at low density are a collection
of independent clusters (Fig. 3 C), so the pair correlation
functions are different (Fig. 4 C). The fractal dimension
for an MDLA with C, = 0.200 is 1.67. As C, decreases,
the shape of the pair correlation function is dominated
by the depletion zone between clusters. Again, the curves
for Rex = 0, 1, and 2 are superimposable except for flat-
tening at small .

Percolation thresholds

Here we find the percolation thresholds for different
tracer sizes and consider how the threshold depends on
the shape of the obstacle.

The thresholds are found by standard means (22-24).
Obstacles are placed at random on an L X L lattice at a
prescribed area fraction with no overlap permitted. The
lattice is then tested for a spanning cluster of obstacles: a
cluster connecting the left and right edges of the lattice or
the top and bottom edges. This is repeated for various
random configurations at the prescribed area fraction
and for various area fractions. These calculations yield a
curve for the cumulative probability that a spanning
cluster is present, as a function of area fraction. In Fig. 5,
cumulative probability curves for MDLAs and for equi-
lateral triangles of three lattice points on a triangular
lattice are shown for various lattice sizes. As the lattice
size increases, the curves grow steeper. The points for
each value of L are fit to an incomplete 3 function, and
the midpoint of the curve is obtained. Extrapolation of
the midpoints to infinite lattice size provides one value
of the percolation threshold, and the point at which the
curves intersect provides another. Details of the proce-
dures are given in Methods.
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shown. The curves grow steeper as L increases. Left, Curves for
MDLASs with lattice sizes L = 64, 128, and 256, and seed concentration
1/1024. Right, Curves for equilateral triangles of three lattice points,
for lattice sizes L = 32, 64, 128, and 256.

To obtain the percolation threshold for tracers of non-
zero radius, obstacles are placed on the lattice, and the
appropriate excluded area is generated for that tracer ra-
dius. The excluded area is then tested for the presence of
a spanning cluster, and the threshold found as before.

Percolation thresholds C;, for various combinations of
obstacles and tracers are shown in Table 1. The thresh-
olds are the area fraction of point obstacles needed to
block diffusion of a tracer of specified radius. In the per-
colation literature (9), thresholds are usually given as
the area fraction of conducting sites, | — Cp. The error is
estimated at £0.00135, as described in Methods. The equi-
lateral triangle used contains 3 lattice points; a hexagon
of unit radius, 7 points; and a hexagon of radius 2, 19
points. For MDLASs, the area fraction of seed particles is
given in parentheses.

The percolation thresholds for tracers of various sizes
reflect the sensitivity of the diffusion coefficient to tracer
size shown in Fig. 1, 4 and B. Long-range diffusion of a
point tracer is allowed if the area fraction of point obsta-
cles is below 0.4990, diffusion of a hexagon of radius 1 is
allowed if the area fraction is below 0.1156, and diffu-
sion of a hexagonal tracer of radius 2 is allowed if the
area fraction is below 0.04823. The percolation thresh-
olds for point and hexagonal obstacles are much more
sensitive to tracer size than are those for MDLAs.

As Fig. 5 shows, in a finite system above the percola-
tion threshold, there is not always a spanning cluster of
obstacles. So, even above the threshold, long-range diffu-
sion paths can occur in a finite system, and the diffusion
coeflicient is nonzero, as shown in Fig. 1. For hexagonal
tracers of radius 2 in the presence of hexagonal obstacles
of radius 1, for example, the percolation threshold is
0.1559, but D* = 0.0028 for C = 0.1750 on a 256 X 256
lattice. As the size of the system increases, the curve of

spanning probability as a function of area fraction of
obstacles grows steeper, as shown in Fig. 5 (See also refer-
ence 18, pp. 106-109). In the limit of an infinite system,
this curve becomes a step function, and the diffusion
coeflicients go to zero at the percolation threshold. In an
infinite system above the percolation threshold, the prob-
ability of a long-range diffusion path is vanishingly
small.

Table | shows that compact obstacles have a higher
percolation threshold than extended obstacles. The
threshold for hexagons of unit radius is higher than that
for points, the threshold for points is higher than that for
dimers, and the threshold for dimers is higher than that
for trimers. Xia and Thorpe (35) obtained an empirical
formula for the percolation threshold as a function of the
aspect ratio of the obstacle, based on their data for the
percolation threshold of randomly centered, randomly
oriented ellipses on a continuum. They found that the
threshold decreases as the ellipses become more elon-
gated. Given an observed percolation threshold, then,
one can argue qualitatively that it comes from compact
or extended obstacles (1, 7), although one should not
take this too literally in a system of unknown and possi-
bly complex geometry.

For MDLAs, the percolation threshold is a function of
the concentration of seed particles. As the concentration
of seed particles decreases, the aggregates become more
extended, and the percolation threshold decreases, as Ta-
ble 1 shows. One might expect a much lower threshold
for a structure made up by joining fractal clusters, but,
just as diffusing particles in DLA are unlikely to pene-
trate a fjord, in MDLA they are unlikely to reach the
narrow gap between two clusters (14). See, for example,
the pair of clusters in the lower left corner of Fig. 3 C.

For CCAs, there is no percolation threshold. Fig. 6
shows the cumulative probability curves for spanning

TABLE 1 Site percolation thresholds C, for the triangular lattice

Tracer Obstacle Cp
Point Point 0.4990
Hexagon (R = 1) Point 0.1156
Hexagon (R = 2) Point 0.04823
Point Hexagon (R = 1) 0.5852
Hexagon (R = 1) Hexagon (R = 1) 0.2635
Hexagon (R = 2) Hexagon (R = 1) 0.1559
Point MDLA (1/1,024) 0.3847
Hexagon (R = 1) MDLA (1/1,024) 0.2311
Hexagon (R = 2) MDLA (1/1,024) 0.1794
Point Hexagon (R = 1) 0.5852
Point Equilateral triangle 0.5256
Point Point 0.4990
Point Dimer 0.4863
Point Linear trimer 0.4609
Point MDLA (1/512) 0.4011
Point MDLA (1/1,024) 0.3847
Point MDLA (1/2,048) 0.3661
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Area fraction of obstacles

FIGURE6 Cumulative probability that a spanning cluster is present in
either direction, as a function of the area fraction of obstacles, for
CCAs. Lattice sizes are L = 32, 64, 128, and 256.

clusters for CCAs. The curves do not intersect at a single
point, and the intersections that occur are the result of
statistical noise. The curves are parallel and do not grow
steeper as the lattice size increases. As L increases, the
curves show no sign of reaching a limit. The curves are
asymmetrical about their midpoint and cannot be fit by
an incomplete 8 function. The curves for CCAs are
broader than those for triangles and MDLAs, and they
start at a much lower concentration. For an area fraction
of 0.20 and L = 128, there is a 20% probability of occur-
rence of a spanning cluster, able to block long-range dif-
fusion. This curve shows one of the reasons for the effec-
tiveness of CCAs as obstacles to lateral diffusion (19).

Why is there no percolation threshold for CCAs? If an
obstacle is linear enough, then it has no percolation
threshold. Consider a straight line of obstacles in an L X
L lattice. To form a spanning cluster, L obstacles are
needed, and the percolation threshold is Cp = 1/L = 0.
More generally, if a fractal of mass M ~ rPr is in a d-di-
mensional Euclidean space, then the density is p ~ M/
rd ~ 1/r*Pr with d > D;. So the density goes to zero as
r = o0, and a spanning cluster can exist at low density
(36). Even though there is no percolation threshold,
there still can be a spanning cluster of obstacles, able to
block long-range diffusion.

Why, then, is there a percolation threshold for
MDLASs? In this case there is an externally imposed
length scale, the average distance between seeds. If we
chose random points and constructed hexagons of pre-
scribed radius on them, a percolation threshold would
exist. MDLAs are constructed by a similar process, but
instead of hexagons centered on the points, there are
random fractal clusters containing the points.

DISCUSSION

The lattice model of diffusion involves several approxi-
mations, reviewed by Scalettar and Abney (37). First,
continuum diffusion is replaced by lattice diffusion. This

does not appear to be a major limitation. For a system of
mobile particles, a continuum model of diffusion based
on Brownian dynamics (37) gave diffusion coefficients
in good agreement with lattice Monte Carlo results (21,
38). Second, a pure hard-core repulsive interaction be-
tween obstacles and tracers is assumed. Attractive forces
and long-range repulsive forces are neglected. These may
be significant (39, 40). Third, the perturbation of lipid
by protein is neglected; if obstacles reduce the free vol-
ume in the surrounding lipids, then the diffusion coeffi-
cient may decrease significantly (5, 15, 41). Fourth, the
model neglects hydrodynamic interactions among dif-
fusing species, which may be significant (42 ). These limi-
tations of the model are more important than the statisti-
cal error in the Monte Carlo results.

Furthermore, we have assumed that the diffusion coef-
ficient can be written as a product of concentration-inde-
pendent and concentration-dependent terms (Eq. 1).
We have assumed that the obstacles are immobile on the
time scale of the diffusion measurement. If they are mo-
bile, there is no percolation threshold, and diffusion oc-
curs at all concentrations of obstacles, at a rate that de-
creases with obstacle concentration (21). We have also
assumed that the tracer cannot penetrate the obstacles,
so the results are not applicable to the permeable pro-
tein-rich domains proposed by Yechiel and Edidin (43).

The calculations of percolation thresholds show that
for point tracers the changes in threshold with obstacle
shape are relatively small. For the obstacle shapes consid-
ered, all the values fall in the range of 0.35-0.60, as
shown in Table 1. More extreme geometries are needed
to account for the experiments of Vaz et al. (7), in which
16% gel phase (by area) was sufficient to block long-
range lateral diffusion. One possibility is that the obsta-
cles are needlelike; the percolation threshold for overlap-
ping, randomly centered, randomly oriented ellipses be-
comes arbitrarily small as the ellipses become more
elongated (35). Another possibility is that the actual ge-
ometry of the obstacles is more complex than the obsta-
cles considered here, presumably a more asymmetric
structure (7, 28).

The calculations of lateral diffusion coefficients lead
to the main qualitative conclusion: for compact obsta-
cles, such as random points or random hexagons, the
diffusion coeflicient is strongly dependent on the size of
the diffusing particle but for fractal obstacles, the diffu-
sion coefficient is practically independent of tracer size.
The main quantitative results are the percolation thresh-
olds for different tracer sizes and the corresponding
curves of D*(C).

The calculations predict a large effect of tracer size on
D* for random point obstacles and hexagonal obstacles.
In contrast, if all of the particles are mobile, the effect of
tracer size is much less; there is a shift in D* on going
from point particles to hexagons but very little depen-
dence on the radius of the hexagon (21). In addition,
one must consider the size dependence of the diffusion
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coeflicient in the absence of obstacles, D,. The R-depen-
dence is larger in the free volume model (15, 41) than in
the Saffman-Delbriick model (16).

The simplest experimental test of the calculated diffu-
sion coeflicients would be a comparison of lipid diffu-
sion with protein diffusion or a comparison among pro-
teins of different sizes. The problem is that the interac-
tions with the obstacles may be different; it would be
useful to compare diffusion of, say, a monomer and a
multimer of the same species.
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